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Abstract. The purpose of this paper is to establish a common fixed point theorem in the
setting of G-metric spaces. Here, the notion of weak compatibility has been used to
establish the existence of coincidence point and further altering distance function is
employed to obtain the fixed point. We also provide an illustrative example in support of
our results.
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1. Introduction

Topological fixed point theory played an important role in the development of
algebraic topology, during the early decades of the twentieth century. In 1922,
Banach published his fixed point theorem, which is also known as Banach’s
Contraction Principle. This principle was founded on the underlying concept of
Lipschitz mapping and thereafter this theorem has become a vigorous tool for
studying nonlinear Volterra integral equations and nonlinear functional differential
equations in Banach and other spaces.

The foundation concept of 2-metric space was established by Gahler [4, 5] and
these spaces have subsequently been developed by Gahler and many others.
Mustafa and Sims [10, 11] introduced a valid generalized metric space structure,
which they call G-metric space. Some other papers dealing with G-metric spaces
are [2, 3, 6, 12, 13, 14]. In 1984 Khan, Swaleh and Sessa [9] introduced a new type
of contraction with the help of a control function, which they called altering
distance function. After this a lot of results appeared in the literature which dealt
with the altering distance function. The notion of weak compatibility was
introduced by Jungck [8] which is a generalization of commuting mapping.

In [1] a common fixed point result has been proved using weak compatibility in
metric space. The statement of the theorem is:
Theorem 1 [1]. Let f, g be two self maps of a metric space (X,d) satisfying

v (d(fx fy))<w(d(gx ay))-¢(d (9% av)) €y
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forall X, y in X, where v and ¢ are continuous and non-decreasing mapping.
If the range of g contains the range of f and g is a complete subspace of X,
then f and g have a unique point of coincidence in X . Moreover if f and g
are weakly compatible then f and g have a unique common fixed point.

Further, in 2011 Hassen Aydi [3] proved a fixed point result for a self mapping
on G-metric space satisfying (1,//, ¢) -weakly contractive conditions.

Theorem 2 [3]. Let X be complete G-metric space. Suppose the map
T:X — X satisfies forall x,y,ze X,

v (G(TXTy,Tz)) <y (G(x Y.2))-4(G(x. Y. 2)) )
where y and ¢ are altering distance functions. Then T has a unique fixed point

(say Uu)and T is G-continuous at U .
In this paper, we have used altering distance function to find a coincidence
point result and also used weak compatibility to prove a common fixed point result.

2. Preliminaries

Definition 1. A mapping ¢:[0,00) —[0,0) is called an altering distance function
if the following properties are satisfied:
1. ¢ is continuous and non-decreasing

2. p(t)=0=1=0.

Definition 2. Let X be a non-empty set and let G: X xXxX —R" be a
function satisfying the following properties:

1 G(x,y,z)=0if x=y=z2

2. G(x,xy)>0forall x,ye X with Xy

3. G(x,xy)<G(x,y,z) forall x,y,ze X with y+z

4. G(x,v,2)=6G(x,2,y)=G(y,z,x)=...

5. G(x,¥,2)<G(x,a,a)+G(a,y,z) forall x,y,z,ae X.
Definition 3. Let (X,G) be a G-metric space and let {X,} be a sequence of
points of X. A pointxe X is said to be limit of the sequence {x,} if

lim G(X, %,,%,) =0 and we say that the sequence {X,} is G-convergent to X

n,m—oo
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Definition 4. Let (X,G) be a G-metric space. A sequence {X,} is called a G-

Cauchy sequence if for any & >0 there exist k € N such that G(X,, X, % ) <&

forall n,m,1 >k thatis G(X,,X,,%)—>0 as n,m,| — o,
Definition 5. A G-metric space (X,G) is called G-complete if every G-Cauchy
sequence is G-convergent in (X,G).

Definition 6 Let (X,G) be a G-metric space and f, g be two self mapson X .

Apoint X in X is called a coincidence point of f and g iff fx=gx.
Definition 7 Two maps f and g are said to be weakly compatible if they

commute at their coincidence points.
Definition 8. A mapping f :[0,00) — [0, ) is called an altering distance function

if the following properties are satisfied:
1. f iscontinuous and non-decreasing

2. ft)=0<=t=0.
Lemma 1. Let fand g are weakly compatible self maps on a set X having a

unique point of coincidence W (say), then W is the unique common fixed point of
fand g.

3.  Main Result

Theorem 3. Let f and g be two self maps on a complete G-metric space (X,G)
satisfying,

v (G(fx, Ty, fz))<w(G(gx gy, 92))-4(G (g% 9y, 92)) (3)
forall X,y,ze X and ¢,y be altering distance function. If f (X )< g(X) then

f and g have a unique point of coincidence in X . Also if f andg are weakly
compatible then f and g have a unique common fixed point.
Proof. Let X, € X be an arbitrary point, we can choose a point X, in X such that

f (%) = 9(%,)and continue in this way, we have

f(x,)=09(%.,) n=012...
From (3) we have,

l//(G (an, OXni1 gxn+l)) = l//(G ( 1:anll an, an ))
<y (G( Q%1 9% 9%,)) —#(G (%11, 9%, 9%, )
<y (G (9% 1, 9% 9%,)). (4)
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Since y is non-decreasing. Therefore,
G (9%ns Phnats Pner) < G (9Xog, 9%, 9%, ). (5)
It follows that {G(gxn,gxn+1,gxn+l)} is a monotone decreasing sequence and
hence converges to some r >0.
Therefore, limG(9X,, 9%y,1: 9%z ) = liml, =T
N oo
Letting N — oo in (4), we have, v (r)<w(r)—¢(r).
Using the continuity of  and ¢, we have ¢(r) =0. By using the property
of ¢ we get r =0 and thus we obtain,
limG (9%, O%n.1, P%ni1) = 0. (6)

n—o0

Next we prove that, {gxn} is a G-Cauchy sequence. Let if possible, suppose that
{gxn} is not a G-Cauchy sequence. Then there exist & >0 for which we can find
two sub-sequences {gxm(i)} and {gxn(i)} of {gxn} with n(i) >m(i) >i such
that
G (gxn(i)’ Xy iy ) 2& ()
and
G (gxn(i)—b Oy ng(i)) <é. (8)
From (7) and (8), we have,
e<G (gxn(i)1 Dxingiy» Piniy )
<G (gxn(i) » OXn(iy-10 an(i)fl) +G (gxn(i)fl' Xy r Py )
< g+G(gxn(i), OXn(i)-1- gxn(i)_l).
Also using the property of G-metric space, we obtain
0<G (gxn(i)’ X (iy-1) gxn(i)—l) =G (an(i)&’ X iy-10 Pniy )
<G (gxn(i)—l! Bxnciy» PXngiy )
Letting i — oo and using (6), we get, G (gxn(i), 0% (i)-1- gxn(i)fl) —0
Thus,
limG (gxn(i)1 Ooin(iy» gxm(i)) =é. )

|—00

Again, using the properties of G-metric space, we obtain,
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G (an(i) » PXingiyr Pinciy ) <G (gxn(i) » BXa(iy-10 an(i)—l)
+G (gxn(i)&’ OXin(iy-1 gxm(i)fl) +G (ng(i)—l’ DXingiyr Pnciy )

and

G (gxn(i)—l’ OXin(i)-1+ ng(i)—l) <G (gxn(i)—l’ X iy Pngi )

+G (gxn(i) » Pingiy» iy ) +G (gxm(i) » PXin(iy-1 gxm(i)—l)'
Letting i — oo in above inequalities, we obtain,

!LYEG (an(i)—ll OXin(iy-11 gxm(i)—l) =& (10)

Take X =X,y and Y = Z = X4y in (3) we have,

W(G( Xagiy-10 Xiniyas me(i)—l)) = '//(G (gxn(i) » Binciyr Pinciy ))

< W(G (gxn(i)—l’ OXin ()11 gxm(i)—l)) —¢(G (gxn(i)—l’ OXin (i)t ng(i)—l))'
Taking i —>o0, we get, (&) <y (&)—¢(e)and this implies y (&) =0, that is
£ =0.This is a contradiction, therfore {gxn} is a G-Cauchy sequence and hence
convergent. So there exists some g € X such that,
G (9%, 9%,,q) = 0andG(gx,,q,q) —0as n — (12)
Now, we can find p e X suchthat g(p)=q. Again from (3), we have,
v (G(fp, X, 4, 1)) = v (G( fp, 9%, 9%, ))
<y(G(9p. 9%, 1, 9%, 1))~ #(G (9P, 9%, 1, 9%, 1)),
Taking h — oo and using (11) in above inequality, we get,
r!im://(G( fp, 0%, gxn)) <y (0)-¢(0).
Hence we have, %OO
r|]i_rl1oz//(G( fp, gx.,, gxn)) =0 (12)
Again, from properties of G-metric space
G(a,9, fp) =G(fp,a,q) <G(fp,9x, 9%, )+G(9%,,q,9).
By using (11) and (12), we have, [imG(q,q, fp)=0 = f(p)=q

N—o0
Hence q = f (p)=g(p), thatis g is the point of coincidence of f andg.
Assume that there is another point of coincidence t in X such that t#q then

there exist S in X , suchthat, fs=gs =t
Then again from (3), we obtain,
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v (G(gp. s, 9s)) =w (G(fp, fs, fs))

<y(G(gp,gs,0s))-#(G(gp,gs. gs)) <w(G(gp.os,gs)).
Which is a contradiction.
Thus f and g have a unique coincidence point in X . Now by using Lemma 1 we

conclude that f and g have a unique fixed point in X

Corollary 1. Let X be a complete G-metric space. Suppose f and g be two self
maps on G, satisfying

W(G( fmx, fMy, fmz)) <y (G(gx ay.92))-4(G(gx 9y, 02))

forall x,y,ze X and ¢,y be altering distance functions. Then f and g have a
unique fixed point.

From Theorem 3.1 we conclude that f™ has a unique fixed point U (say). Since
fu=f(fMu)=f"u=f"(fu)
Thus we have, fu is also a fixed point of f™ but by uniqueness we obtain fu =u
Example 1. Let X =[0,1]u{2,3,4,...} and Define
i.  G(xy,2)= max{|x—y|,|y—z|,|z—x|}, if X,y,ze[0,1] and at least
X#YorYy#ZorZ#X.
ii. G(XY,z)=x+y+z, if at least x or y or ze[0,1] and at least
X£Y,Yy#ZO0r Z#X.
ii.  G(x,y,2)=0if x=y=12
Then (X,G) is a complete G-metric space.
Define the mapping v/, ¢ :[0,%0) —[0,0) as follows:
1 w(t)=tif0<t<land y(t)=t® if 1<t

2. ¢(t):%t2 if 0<t<1and ¢(t):% if 1<t
Also, define the mapping f,g: X — X as follows:
1. f(x)=x—%x2 if 0<x<land f(x)=x-1if1<x

2. g(x)=xif <x<land g(x)=x+1if1<Xx
Proof. Now we assume that X>y >z
Case I: Let xe[0,1] as x>y >z thenclearly y,z €[0,1].
By definition of G:
G(x,v,z)=x-z€[0,1]
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G(fx, fy, fz)= max{| fx—fz|,|fy — fz,|fz— fx|}

— - 1 2 2

= fx—fz—(x—z)—E(x ~7 ) (13)
Again by definition of ¢ and v :

1
v (G(9x 9y,92))—¢(G(gx gy, 9z)) = G(gx, 9y, 92)—562((gx, gy, 92)
1 1
:|gx—gz|—§|gx—gz|2 :|x—z|—§|x—z|2 (14)

Therefore from (13) and (14) clearly we have (3).
Case Il: xe{3,4,...} andas x>y >z
Then y and z may bein {3,4,...} orin [0,1].
Subcase I: Let y€{3,4,...} and z€{3,4,...}.

Then (G ( fx, fy, fz)):w(x+y+z—3)=(x+y+z—3)2 (15)
1
and (G (9x, 9y, 92)) - #(G (9, 9y, 9z)) = (x+ y+z+3)2—5 (16)
Then from (15) and (16), (3) is verified.
Subcase II: Let y €{3,4,...} and z<[0,1].
Then
w(G(x fy, fz)) =y (fx+ fy + fz)
z 2, 17
—y/(x+y+z—2—2j —(x+y+z—2—2j (17)
and
(G (g% ay,92))—#(G (g% 0y, 92)) = w (gx+ gy +9z) —(gx + 0y +02)
Sy (X+y+2+2)-p(x+y+2+2) =(x+ y+z+2)2—E (18)
From (17) and (18) the inequality (3) is satisfied.
Case I11: Let X =2, since X >y >z we have necessarily y,z <[0,1].
Therefore
v (G(fx fy, fz)) =y (fx+ fy+ fz)
2
= _Lz_é_ = _y_z_z_z_ 19
—y/(x+y+z > 5 1] £x+y+z > 1 (19)
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v (G(9x 9y,92))-#(G (9%, 9y, 92)) = w (gx+ 0y +gz) - #(gx + 0y +gz)

2 1

=(x+y+z+1) (20)

Hence from (19) and (20), we deduce that inequality (3) holds.
Thus the hypothesis of Theorem 3 are verified and we find that 0 is the unique
fixed point of f andg in X.

10.
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G —metrik fozalarda iki inikas va zaif sixilma sartlori saxlayan
iimumi t3rpanmaz noqts teoremi

Visal Qupta, Raman Deer

XULASO

Isin mogsadi G-metrik fozalarda timumi torpenmoz ndqto teoremi isbat etmokdir.
Burada zoif uygunluq anlayisi iist-iisto diismo noqtosinin varliginin isbatinda, mesafo
funksiyas1 iso torpanmoz ndqtonin tapilmasinda istifado olunur. Biz hom do alinmig
naticalar {igiin bir illistrativ misal veririk.

Acar sozlor: sixilma, torpanmoz nodqto, iist-listo diismo noqtosi, mosafs funksiyasi,
zoif uygun inikaslar.

OO0mas TeopeMa Mo HEMOABMKHOM TOYKe BKJIKYAKIIAS IBYX 0TOOpaKeHUH H
YCJI0BHIO €J1a00 C:KUMaeMOCTH B G-MeTpHYeCKUX MPOCTPAHCTB

Bumau I'ynra, Paman {unp

PE3IOME

Ilenbro maHHOM pabOTHI ABISETCS YCTAHOBJICHHUE OOIIEH TEOPEMBI MO HETIOABMKHON
Touke B (G-METPHYECKHX MPOCTPAHCTBaX. 37I€Ch MOHATHE CIa0OH COBMECTHMOCTH OBLIO
WCIIOJIB30BAHO JIJIsl YCTAHOBIICHHS CYIIECTBOBAHMS TOYKH COBHAJICHHS M Janee (pyHKIHSL
paccTOSIHMS WCHOJIB3YeTCS sl  TOJMYYeHHS HENOIBIDKHOW TOYKH. MBI Takxke
MPEJOCTABIIAEM HILTIOCTPATUBHBII IPUMep JUIs HAlllUX Pe3yJbTaToB.

KaioueBble ciioBa: cxaTue, HEMOJBIDKHAS TOYKA, TOYKA COBMAICHUS, (QYHKIHS
paccTosiHus, ¢1a00 COBMECTUMBIE OTOOPaXKEHHSI.
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